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Abstract

It is well known that the classical Lindeberg condition is sufficient for validity of the central limit
theorem. It will be also a necessary if the summands satisfy the condition of infinite smallness (Feller’s
theorem). The limit theorems for the distributions of the sums of independent random variables which
do not use the condition of infinite smallness were called non-classical.

In this paper a non-classical version of Lindeberg-Feller’s theorem is given. The exact bounds for the
Lindeberg, Rotar characteristics using the difference of the distribution of sum of independent random
variables and a standard normal distribution are established. These results improve Feller’s theorem.

Keywords: the central limit theorem, the conditions for uniform infinite smallness, the nonclassical
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Introduction

Let X1, Xn2, -, Xnn, n = 1,2, ... - be an array of independent random variables (r.v.’s).

Assume that

)

EX,;=0, EX};j=o0l;, j=12,..

njo

_ 2 _
Sy = Xp1 + oo + X, Zanj =1.

=1
Set

Fn(x) = P(Sn < .’I,‘), @(Jj) — \/% / e_“2/2du,

A = sup |Fu(a) — (x)]
It is well-known that the following condition (Feller’s characteristic)

max o,; —+0, n— 00 U
1<j<n ’ )

Is called uniform infinite smallness condition of the sequence of independent r.v.’s. {X,;, j > 1}. We say
that this sequence satisfies Lindeberg condition if for any € > 0

nj

Ly(e) = Zn:E(X2 I(|Xn;] >€)) =0, n— oo (L)

Here I(A) denotes an indicator of the event A.



It is well-known that under condition (L)
A, =0, n— oo,

what means a central limit theorem (CLT). Lindeberg-Feller’s theorem improves above theorem and can be
represented as following implication

(U)&(CLT) < (L),

i.e. under condition (U) Lindeberg condition is a necessary condition for CLT.

1 Estimation of numerical characteristics used in CLT

Following V.M.Zolotarev [1] we will call non-classical the limit theorems in which we do not use the condition
(U). The first non-classical variants of CLT were proved by Zolotarev in 1967 and Rotar in 1975 (see [1],[2]).

In papers [3], [4] the following estimates of L, (¢) (¢ > 0), were obtained.

Theorem A. There exists an absolute constant C' > 0, such that for any ¢ > 0
5 n n
(1 e /4) S EXZI( Xyl >e) < C | Au+ Y ok . (1)
j=1 j=1

n
Note. It is obvious that under condition (U) and - o7, =1
j=1

n

4 2
E Oy < mjaxonj —+0, n— oo.
=1

Thus (1) implies that if the sequence of independent r.v.’s {X,,;, j > 1} satisfies CLT (i.e. A, — 0, n — 00),
then the Lindeberg condition

n

D E(X2I(|Xng] > ) =0
j=1

holds for any € > 0 by n — oo.

Set
Fn](il,') = P(an < (E)7

®,,;(x) - distribution function of normal r.v. with parameters (0, o2;) (j = 1,2,...) and for any & > 0

Rae) =Y / (2] P () — @y ().

j:1|r|>€
Theorem B (V.I.Rotar [2]). The following condition is sufficient and necessary for CLT

R.(e) =0, n— oo (2)
For any € > 0.

Above Theorem B is a nonclassical version of CLT and it generalizes Lindeberg-Feller’s theorem. Indeed
in Theorem B we do not use the condition (U). The proof the necessity of the condition (2) is based on the
following statement (note that a proof of the necessity of the condition (2), given in [2] is rather complicated
and it uses the properties of probabilistic metrics).



Theorem 1 For some C = C(g)

Ru(e) <C (A, +) 0%

j=1

for all s > 2.

Proof 2 For any distribution function F(x)set

o — 4 L F@), ife>0;
F(z) = { F(x), if x < 0.

Then for any k > 1 we have

oo —&

[ et = [saE@)+ [ otdE).

|z|>e € —00
The latter can be proved by partial integration.
Using above equation one can prove the following
/ eFdF(z) > k / wF LB (2)de, k> 1.
|z|>e |z|>e

By definition we have
Dpj(x) = @ (x/0m;),

|[F(z) = @(2)] < |F(z) - D(2)] < F(z) + D(x).

Applying (4) and (6) several times one can have the following estimates:

Ra@ =Y | [ lellBs@ldet [ lellfos(o)ldo

i=1 |z|>e |z|>e

— La(e) + >0, / 224 (z).

=
J x| >e/on;

Now the proof of the theorem 1 follows from Theorem A.
Since 377, 0n; = 1, from (3) we have the following implication
(U)&(CLT) = {Rn(e) > 0, n > 00}, &>0.

Consequently Theorem B is a generalization of Lindeberg-Feller’s theorem.

IN



Now following papers [5], [6] introduce Ibragimov-Osipov-Esseen’s characteristic

=1 g>1

I=H Jei<t =<1

=L,(1)+L® + 1O,

It is to check that convergence to zero of one of the following sequences L, (1), Lg? ), L(3 does not imply the
convergence to zero of other two sequences, for instance the relation {L,(1) — 0,n — oo} does not imply

{L? = 0} or {LY — 0}.

Lemma 1 The following takes place

{L,(e) =0} & {d,—0}, n—oo, &>0.
Proof 3 Let L,(e) = 0, n = oo for any € > 0. In order to prove d,, — 0 it is enough to prove that
. 3 | < _
Jim 7 BIX0, P (Xl < 1) =0

Without loosing generality one can assume that 0 < e < 1. Taking into account the latter

I(X|<1) = I(|X| <&)+ I(e < |X| < 1).

Then . .
LE <Y E|XpPI1(1Xn| <1) <e ) EX;
j=1 j=1
—|—ZE I(| X)) > €) = e+ Ly(e) = e + o(1).

Analogously we obtain

3><52Za +ZE I(e<|Xn|<1)<

<2+ Lyle)=€*+0(1), n— oo
for any 0 < e < 1.
From the last relations we get
{Ln(e) = 0} = {d, =0}, n— oo, Ve>0.
Now let d,, — 0, n — oo. This means that

lim L,(1) = lim L® = lim L =o.

n—oo n—oo n—oo
Ife > 1, then
Z EX2I(|Xp;] >e) <

n
Z I(|X,;] > 1) = L,(1) = 0, 1 — oco.



If0<e <1, then
Ln(e) =Y EX7I(|Xn;] > €) <
Jj=1

<N EX (X0 < 1)+ Y EXZ (X0 > 1) =
j=1

j=1
=e2L® 4+ L,(1) =0, n— .
Consequently taking into account the last relations we have

{d, =0} = {L,(e) >0}, n—o0, Ve>0.

Lemma is proved.

Using the proved lemma it is easy to see that the following version of classic Lindeberg-Feller’s theorem
takes place.

Theorem 4 Assume that the condition (U) holds. Then an array {X,;, j > 1} satisfies the CLT if and only
if

d, =0, n— oco. (D)

Note that in practice it is easier to check the condition (D) than the Lindeberg condition (L).

We will illustrate an asymptotic behavior of d,, in particular case.Let
Xy, Xoy oon, Xop,en

be a sequence of independent and identically-distributed r.v.’s with common distribution function F(z) =
P(Xl < .’L'),

Sy = X1+ + X,
Set EX; =0, 02 = EX? < oo. CLT for this sequence means that
Sn
P|——<z)]—®(x), n—oo, VreR
ov/n
In this case we have

X; DX, 1
an:a—ﬂ EX,; =0, azj:EX,%j:OTnl:ﬁ, i=1,2,....

Consequently

1 1
_ 2 L 3 L 4
dy, = / xdF(a:)—!—US\/ﬁ / x°dF(x) —|—04\/ﬁ / 2*dF (x).
|z|>0v/n lz|<ovm lz|<ovn

Further counting that 0 < € < 1, we have

1
a3\/n

1

3
dF <
/ k() < o?y/n
|z|<ov/m |z|<ovm

2P dF(x) <



! 3 17 .’E3 xr
<ar [ e+ [ kPare) <

|z|<eo\/n e< <1

x
ov/n

1
e+t — / 2?dF(z) = ¢+ o(1).
(o
|z|>eov/n
Analogously we obtain
—_ / z1dF(z) <
lz|<ov/mn

1
< — / 2t dF (x) + + / z1dF(z) | <

v
|z|<eov/n e<

x

E

<1

1
<&+ - / 22dF(z) = €% + o(1).
o] >E0 /R

From above relations one can conclude that ¢2 = DX; < oo, implies d,, — 0, n — oo. The latter and
theorem 1 imply the following statement (Levi’s theorem):

If {X;,j > 1} is a sequence of iid r.v.’s with the variance 02 = DX; < oo, then this sequence satisfies CLT.

2 Approximation of the sequence of composition of probabilistic
distributions and CLT

CLT can be considered as a particular case of the problem of approximating of the composition s of sequence
of probabilistic distributions. Recall that the composition of two probabilistic distributions F'(z) and G(x)
is defined as following

(F+xG)(x)=F«+«G= / F(x —u)dG(u) =G« F.
—o0
Consider two sequences of compositions of probabilistic distributions

n
Fn: nl*"'*an:H*Fnj7
Jj=1

n
Gn:Gnl*"'*Gnn: H*an
Distribution functions F,;(z) = F,; (j = 1,2,...) are called components of the composition F,.

Definition 5 We say that the sequence of compositions F,, is weakly approzimated by the sequence of com-

positions G, if as n — oo
[ee]

— 00

For any bounded and continuous function p(-) on R.



Weak approximation of {F},, n > 1} and {G,, n > 1} is denoted by

F,-G,=0, n— oo (7)
Let - -
fult) = / FTAE (2),  galt) = / G (z)

Be characteristic functions corresponding to the compositions of the distributions of F,, and G,.
From the general theory of weak convergence follows that the relation (7) is equivalent to

sup |fn(t) —gn(t)| =0, n — o0 (8)
t|<T

for any 7' > 0.

The limit relation (7) generalizes CLT. Indeed in the last case the composition F,, is a distribution function
of the sum S,, = Z?Zl Xj, Le.

Fo(z) = P(Sp < @) = [ [ #Fnj(2).
j=1
Set
an(x):q)(x/o'nj)v j:1a27-~-an

i.e. Gp; is a distribution function of normal r.v. with parameters (0,07;). Since >"_, 07, = 1, using the
property of normal distribution

Gn(x) = H *Gp; = H *® (x/0n;) = O(z).

Consequently under this choice of distributions G,,j the limit relation (7) considers with CLT.

In the case of arbitrary compositions F,, and G,, the Rotar’s characteristic will have the following form:

Rl =Y [ lel 1Fi(@) ~ Guy(olde. >0

i :1|m|>€
In the book [2] the following theorem is proven.
Theorem C. For the following limit relation
F,—-G,=0, n— oo

It is enough:

for any € > 0.

The Lindeberg-Feller’s theorem and Theorem B were generalized in the papers by the author [7] using
the ”closeness of distributions” characteristic

n

an(T) =D sup [fa;(t) = gnj (1))
j=1 ltI<T

where f,;(t) and g,,(t) are characteristic functions corresponding to the distributions F),; and G,; (j =

1,2,..).



Theorem 6 Let

/a:anJ(x) = /xdGn](x) =0,
/ 22 dF,;(r) = / 22dG;(x) =0, j=1,2,....
If the following condition holds
an(T) =0, n—oo0, VI >0, (9)

then F,, — G, =0, n — oo.

Proof 7 The proof of this theorem is almost obvious because for all complexr numbers we have

|ak|§1, |bk|§1, k:1,2,...

[1n
k=1

<) ak — bil. (10)
k=1
From (10)

anj(t)_Hgnj <Z|fn_} gn] )|
j=1 j=1

Under condition (9) the last inequality implies the limit relation (8). heorem6 is proven.

3 Non-classical versions of CLT based on the Ibragimov-Osipov-
Esseen characteristic

Introduce the following notation:

RO Z / @] [Foy(2) — B ()] da,
I=gi>1

n

R® = Z / 2? | Frj(z) — @pj(2)] da,

I= i<

S / (2] [ Fog () — Dy ()] dr,

J= 1|;z\<1
o =RV + R® 4 RB).

It is natural to call §,, as a "difference” characteristic of Ibragimov-Osipov-Esseen and it takes into account
the ”closeness” of distribution functions F,; to normal distribution function with parameters (0,07;). Tt is
worth to note that the existence of d,, implies the existence of §,, and this is based on the following relations

|[F(2) = ®(2)] < [F(z) - &(x)] < F(2) + ®(x).



Recall that F(z) = 1 — F(z) for & > 0, F(x) = F(z) for # < 0. In part,

jﬂﬂuwm—¢@mmg;fxmmmw-Txé@mw:

— 00

:2<f 2?dF (x +f 22d®(z

Theorem 8 The following relations take place

)

{6, = 0} & {R,(e) =0, ¢>0}, n— oo
Proof 9 Let for any e > 0,
R,(e) =0, n— oo.
holds. Then
RD =R, (1) =0, n—0.
Moreover for 0 < e <1 from (11) we have
n
B =3 [ R e @iie Y [ B - o <
I=1gj<e =l <jz<1
<Y [ lallFus(e) - @us(@lde + Z [ lallFus(e) - @uy(o)lds <
I=1l \;c|>5
n
< QaZaij + R, (e) = 2e + 0o(1),
j=1
RO =Y [ laflu(a) - @(o)lds =
7=1<1
= [ 1l @) = @y (o)lde + Z [ @) - Buya)lde <
I=ai<e “le<lzi<1
<3 [ Bl @i+ Y [ lF) - @ <
I=1l0 I=10 05 e
< 2¢? Zaflj + Rn(g) — 2e% 4 o(1).
j=1
From relations (12), (13) and (14) we find that
dp — 0, n — oo.
Now assume that relation (15) holds. Then for 0 <e <1
2> [ bl @+ Y [ lF )~ 0 <

I=lecpzi<a I= 2>

(11)

(12)

(13)



<5_1§:/ 2?|Fj(x) — ®pj(z)|de + Ry (1) =

I=laj<a
= 'RO L R 40, n— . (16)
Further for € > 1 we obviously have
Rn(e) < R,(1) = R™ =0, n— occ. (17)
Thus from the relations (16), (17) it follows that
R,(e), >0, n— oo.

Theorem 8 is proven.

Now we will prove the following statement.

Theorem 10 CLT takes place if and only if

dp, — 0, n— 0. (18)

Necessity of the condition (18) follows from Theorem B taking into account theorem 8.

We will give a proof of the sufficiently of the condition (18). We will use the theorem 6. In this theorem
we set
q)nj(x):Gm(x):CI)(:c/am), j:].,?,

Then the corresponding characteristic function has the form

gnj(t) =72 j =12, .
Estimate .
an(T) = Z sup | fnj(t) — e_”thZ/Q’ , T >0.
S <T
For any j =1,2,... we have

Faj(t) — e7onat/2 =

[eS) ‘ " 9
_ / <em =t — Z;”) d(Fpj(x) — Bj(@)) - (19)
Above we used equations (j =1,2,...)

o0 oo

/xanj(x) = /xd@nj(:v) =0,
/xQanj(ac) = /mqu)nj(x) = aij.

In the integral (19) using integration by part we obtain

oo

Fus®) = e B2 < | [ (€ 1 it (Bay() — @) do| <

— 00



<t (1 (t) = I25(1)), (20)

where

Iy (t) = / (a‘tr 1 ite— (“;”)2> (Fg () = D (2))der| +

|z|<1

" / (W) (Fnj(2) = Ppj(z))de |,

lz]<1

L;(t) = / (e — 1 —itz) (Fj(z) — ®pj(z))dz|.
|z|>1

It is easy to see the that the following estimates hold:

1) < U [ P 1E @) ~ @0yl
|z|<1
t2 9
—|—§ / % Fpj(z) — ®pj(z)|de, (21)
FIES!
Ir;(t) < 2t / ||| Fnj () — @rj()|de (22)
|z|>1

Now from the relations (20), (21) and (22) we have
an(T) < 2max(t?,t) Z / 23| Fy — @l da+

I=zj<1

S / 1By — Byl £y / 0] Fry — Bpilda | <

=<1 =121
< 2max(t?,t1) - §,. (23)

The proof of the theorem 10 follows from the relation (23) and the theorem 8. From the last estimate it
follows that the condition
an(T) =0, T>0, n— o

in theorem 6 in the case of CLT is a necessary condition.

From the proof of the theorem 8 and 10 one can prove the following statements.

Theorem 11 For some C > 0
R,(e) <C(6, + maxaflj)
J

for any e > 0.

Theorem 12 For some C >0
on < C(A, + maxaij).
J



Theorem 13 For some C >0
R.(e) <C(A, + maxoij)
J

for any e > 0.

Theorem 14 For any T > 0 and some C > 0

an(T) < C(A, + mjaxaij).

Conclusion

Theorems 11-14 generalize given above Lindeberg-Feller’s theorem and are analogous of Theorem A in terms
of different numerical characteristics used in the proofs of the non-classical versions of CLT. Theorem 10 is
a generalization of Theorem B (V.I.Rotar) , because the condition (2) implies the following limit relation

op — 0, n— 0.
It is worth to note that the last condition can be checked easier than the following condition

R,.(e) >0, n—oo, Ve>D0.
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